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ABSTRACT
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This study presents a numerical investigation of the free vibration behavior
of homogeneous rectangular thin plates, formulated within the Kirchhoff-
Love plate theory using the Finite Difference Method (FDM).
Dimensionless natural frequencies for the first three vibration modes were
computed under various classical boundary conditions—fully clamped
(CCCCQ), supported (SSSS), and mixed (CSCS)—across multiple grid
discretizations. The analysis focuses on the convergence of natural
frequencies with grid refinement and the influence of boundary
constraints on vibration characteristics. The proposed FDM framework
employs central difference schemes for derivative approximations,
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ensuring high accuracy, numerical stability, and rapid convergence, with plates

minimal change in computed frequencies beyond moderate grid sizes.
Comparative results with existing studies confirm the approach's reliability
and effectiveness. The findings reveal that boundary conditions
significantly influence both mode shapes and frequencies. Fully clamped
plates exhibit the greatest stiffness, producing the highest natural
frequencies, while supported configurations vyield lower frequency
responses. Mixed boundary conditions produce intermediate behaviors,
demonstrating the sensitivity of vibration characteristics to edge
constraints. Overall, the findings provide essential insights into the
structural design, optimization, and stability assessment of plate
structures in engineering applications.
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INTRODUCTION

In modern engineering and structural design, rectangular plates are fundamental structural
components widely used in various engineering systems. These plates play a critical role in
load-bearing, support, and energy transmission in bridges, buildings, aircraft, ships,
machinery, and other industrial equipment. To ensure reliable performance, accurate
analysis of their free vibration behavior is essential. Free vibration refers to the condition in
which a structure vibrates at its natural frequencies without external excitation.
Understanding natural frequencies and corresponding mode shapes is crucial for maintaining
structural integrity, extending service life, and preventing resonance-related failures. When
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the natural frequency of a plate coincides with external dynamic excitation frequencies,
resonance may occur, potentially leading to severe damage or structural collapse.
Researchers have developed various analytical and numerical techniques to study the
dynamic behavior of rectangular plates, among which the Kirchhoff-Love plate theory
remains one of the most widely adopted formulations for thin plates. This theory establishes
the governing differential equation describing the vibrational response, enabling accurate
determination of natural frequencies when solved appropriately. In the present study, the
authors investigate the free vibration behavior of homogeneous rectangular thin plates using
the Kirchhoff-Love theory. The study employs the Finite Difference Method (FDM) to obtain
numerical solutions and uses central difference schemes to approximate derivatives. This
approach allows for the systematic examination of variations in natural frequencies and
deformation patterns across different mesh densities and boundary conditions.

The vibration problem of rectangular plates has attracted significant attention for more
than two centuries. Their dynamic behavior is influenced by several parameters, including
loading conditions, material properties, aspect ratio, and boundary constraints that define
support conditions (Xing & Xu, 2013). Accurate determination of natural frequencies remains
essential in civil, mechanical, naval, and aerospace engineering applications (Bakhshandeh et
al., 2017). The earliest mathematical formulation of plate vibration problems dates back to
Euler in 1776 (Ventsel & Krauthammer, 2001).

Wu et al. (2007) introduced a novel analytical technique employing the Bessel function to
obtain exact solutions for the free vibration analysis of thin rectangular plates subjected to
three specific boundary conditions: (1) completely supported, (2) completely clamped, and
(3) two opposite edges supported with the remaining two edges clamped. This Bessel-
function-based approach enables precise determination of both the natural frequencies and
the mode shapes of rectangular plates. Researchers have also analyzed the free-vibration
behavior of rectangular plates with mixed boundary conditions (clamped—supported) using
the Superposition Method. This method relies on combining fundamental states and
provides an accurate and efficient solution for complex boundary conditions. Gorman
demonstrated that this technique serves as an effective alternative to Levy-type solutions for
calculating natural frequencies and mode shapes(Gorman, 1977). Sakiyama and Huang (1998)
also showed that variations in plate thickness produce significant changes in natural
frequencies and mode shapes, which are of paramount importance for the effectiveness of
plate design. Moreover, the vibration analysis of plates with variable thickness is more
complex and challenging than that of uniform-thickness plates; however, such analyses are
critically important in industrial and structural applications. Leissa (1973) reported exact and
comprehensive theoretical findings on the free vibration behavior of rectangular plates under
21 different scenarios, including clamped, supported, and free-edge support configurations.

The Ordinary Finite Difference Method (OFDM) was applied to study the free vibration of
thin rectangular plates. The study discretized the biharmonic equation into a finite-difference
form over a grid, yielding algebraic equations that the analysis solved under various boundary
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conditions, including fully simply supported (SSSS), fully clamped (CCCC), and mixed
clamped-simply supported (CSCS). The authors developed a Visual Basic program to
perform the computations. The numerical natural frequencies closely matched exact
solutions, demonstrating that OFDM is a simple and effective method for plate vibration
analysis (Ezeh et al., 2013).

Additionally, the Finite Difference Method (FDM) was applied to solve the equations of
motion for a spring-mass system, which represents a simple vibration model typically
expressed as a second-order differential equation. In their investigation, the time domain was
divided into small intervals, and numerical solutions were obtained using FDM. The study
employed both explicit and implicit schemes and compared the results with analytical
solutions. The findings show that the Finite Difference Method provides accurate and stable
solutions, establishing it as a simple, efficient, and reliable method for analyzing basic
vibration systems (Ningsi et al., 2020).

The free vibration of rectangular plates with central holes was investigated using the
Finite Difference Method (FDM) because exact solutions are unavailable. Plates were
discretized into grids, and the biharmonic equation was applied to interior and boundary
points with various boundary conditions: fully clamped (CCCC), fully supported (SSSS), and
clamped-supported (CSCS). Results showed that the hole’s size and location significantly
affect natural frequencies. This study confirms that FDM is a reliable and efficient numerical
tool for analyzing vibrations of perforated rectangular plates (Hossain et al., 2015).

Sayyad and Ghugal (2015) provided an extensive review of free vibration analysis for
laminated composite and sandwich plates. They covered physical properties, mechanical
models, and a range of analytical, semi-analytical, and numerical methods, including FEM
and FDM. The study presented numerical results and compared them with earlier research,
concluding that suitable techniques can achieve accurate vibration analysis despite the
complexity. Rezaei and Saidi (2019) developed an exact analytical solution for the free
vibration analysis of thick rectangular plates made from porous materials. Using Reddy’s
third-order shear deformation theory, the study incorporated the effects of fluid saturation
and porosity variations, along with various boundary conditions, to accurately determine the
plates’ natural frequencies and vibrational characteristics.

This study presents a precise numerical investigation of the free vibrations of thin,
homogeneous rectangular plates using the Kirchhoff-Love plate theory. The Finite
Difference Method (FDM) is applied to analyze variations in natural frequencies and mode
shapes under different boundary conditions, including fully clamped (CCCC), fully simply
supported (SSSS), and clamped-simply supported (CSCS) boundary conditions. Additionally,
the study explores the effect of grid size on vibration responses to assess its impact on
numerical result accuracy. The objectives of the study are as follows:

e To numerically examine the free vibration characteristics of thin, homogeneous
rectangular plates.
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e To study the bending response of plates based on the Kirchhoff-Love theory.

e To employ the Finite Difference Method (FDM) for solving the governing differential
equations.

e To evaluate natural frequencies and vibration modes by discretizing the plate and
using central difference approximations.

The present study differs from earlier investigations by providing a structured
convergence analysis of the central difference finite difference scheme and by comparing its
numerical performance with the forward difference formulation reported by Kumar (2018).
This approach emphasizes grid-refinement behavior and numerical stability, providing a
clearer evaluation of solution accuracy.
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Figure 1. lllustrates the three types of boundary conditions

METHODS AND MATERIALS

This research focuses on the numerical analysis of the free vibration behavior of
homogeneous, thin, rectangular plates. The theoretical foundation underpinning the analysis
is the Kirchhoff-Love plate theory, which describes the bending behavior of thin plates. The
theory assumes that the plate thickness is significantly less than its length and breadth;
therefore, it neglects shear deformation effects.

For the numerical solution of the fundamental differential equation, the study employed
the Finite Difference Method (FDM). The analysis discretized the computational domain into
a grid and approximated the differential terms in the governing equations using central
differences.

The central difference approximation used in this study is second-order accurate, with a
truncation error of order (h?). Compared to the forward difference scheme 0 (h), the central
formulation provides improved accuracy for moderate grid sizes. Higher-order schemes such
as 0(h®) may yield better precision but require more complex stencil implementation.
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Since the truncation error is of order O (h?), where h represents the grid spacing, refining
the mesh improves the accuracy of the numerical solution. The stabilization of natural
frequencies observed in Tables 5—7 confirms the method's convergence.

Methodological Steps
o Formulation of the governing equation based on the Kirchhoff-Love plate theory.

o Discretization and numerical solution of the equation using the FDM, with derivative
approximations obtained via central difference.

e Implementation of various classical boundary conditions: CCCC, CSCS, and SSSS.

o Formulation and resolution of the eigenvalue problem for determining natural
frequencies and mode shapes.

e All numerical computations and post-processing in this study were performed using
MATLAB (R2023b, The MathWorks Inc., Natick, MA, USA).

FINDINGS

This section presents the numerical analysis of free vibrations of homogeneous rectangular
plates using the Finite Difference Method. The study calculates natural frequencies for the
first three modes under CCCC, SSSS, and CSCS boundary conditions. The results, tabulated
for different grid sizes, show convergence and highlight the effect of boundary conditions on
vibration behavior.

Plate Structure

A plate is a three-dimensional structural element whose thickness is much smaller than its
other two dimensions. Under external loading, it primarily develops normal stresses, while
shear stresses are typically negligible. Two parallel faces enclose the plate, and the
perpendicular distance between these faces represents the plate’s thickness (Ventsel &
Krauthammer, 2001).

h

Figure 2. Rectangular plate and its coordinate system

The two-dimensional (2D) plate theory provides approximate results that closely
resemble the behavior of a three-dimensional (3D) plate structure. This condition arises
because the plate’s thickness is significantly smaller than its other two dimensions.
Consequently, researchers assume the plate is in a plane-stress condition and that stresses
through the thickness are zero (Kumar, 2018).
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Ozz = Ozx = Ozy = 0, €Y)

Similarly, the shear strain components associated with the stress are also assumed to be zero:
Yxz = Vyz = 0. 2)

Governing Differential Equation of a Homogeneous Rectangular Plate

According to the Kirchhoff-Love plate theory, when a plate is homogeneous—meaning that
its material properties, such as Young’s modulus E, density p, and thickness h, remain
constant across the surface—the governing equation for its transverse vibration can be
expressed as follows (Leissa, 1973; Ezeh et al., 2013):

62

w
DV*w + ph Frei 0, 3)
3
Where D = —%_ s flexural rigidity; w istransverse deflection, v is Poisson’s ratio; and V*

12(1-v2)
is the biharmonic differential operator, and t is time.
Applying the biharmonic operator to the transverse deflection yields:
T (w) = d*w o d*w N ao*w
dx* 0x20y? = oy*’
By substituting the preceding relation into equation (3), we obtain:

Py AP I 4
axt T “oxzayzr Tyt ) TP gz T )

The equation represents a fourth-order homogeneous partial differential equation.

However, because this study does not analyze time-dependent behavior and focuses
only on W (x, y), it employs the method of separation of variables to solve the equation. Using
this method, the analysis separates the time-dependent component from the governing
equation and reduces it to an eigenvalue problem (Ezeh et al., 2013).

DVAW (x,y) = phw?*W (x, y). (5)

The above equation is used to calculate the angular natural frequencies w of free
vibration and the W(x,y) mode shapes. The mode shapes are independent of time and
depend only on spatial variables, making them suitable for computational techniques such as
the Finite Difference Method (FDM).

Finite Difference Method-Based Free Vibration Analysis of Rectangular Plates

To model the rectangular plate, the analysis divides the domain into equal M x N grid
segments. Each grid cell has rectangular dimensions AX in the longitudinal direction and AY
inthe transverse direction. The grid points represent specific locations at which the numerical
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solution evaluates the variables. This discretization establishes a systematic computational
framework for evaluating deformations and variations across different regions of the plate.

v

X=Y=0

Figure 3. Rectangular Plate Surface Divided into a Regular Grid

The analysis achieves this by drawing lines parallel to the X-axis and Y-axis, thereby
forming a two-dimensional structured grid. The resulting grid consists of interior, corner, and
boundary points used by the numerical analysis. The study defines the computational domain
as follows:

0<X<a , 05Y<D

That is, the geometric domain of the plate extends from (0,0) to (a,b). The analysis
distributes the total number of function values over M x N grid points in the computational
domain, and it uses these points for the numerical analysis of the plate model. The grid is
uniformly spaced, so all grid segments have equal lengths, a property that is essential for
finite difference approximations in the FDM.
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Figure 4. Interior Points, Adjacent Points, and Boundary of a Rectangular Plate
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In Figure 4, it is shown that the grid points are defined in the direction of the X-axis from
h —1to M andinthe direction of the Y -axis from k — 1 to N if a general grid point is denoted

by(h, k), then the deflection or displacement at this point is represented by the
functionW (h, k).

For homogeneous rectangular plates, the governing equation is solved numerically by
means of the Finite Difference Method (FDM). The analysis employs the central difference
scheme to approximate the derivatives. Based on this approximation, it formulates a finite-

difference equation at each interior point and then assembles these equations into a matrix
to enable numerical solution.

'w|  Wp_g = AWp_q i+ 6Wp e — AWpyg g+ Whiok ©
4 - 4 ’
X hic AX
'w|  Wp—p — 4Wn o1+ 6Wh i — AWp et + Whkao 7
4 - 4 ’
ay hik AY
o*w
2gy2
0X2aY nk
_ 2Whirhrs + Wnosh-1 + Wniak-1 + Whorker — 2(Wha ke + Whot e + Wijear + Wige—1) + 4Wp ]
AX2AY?2 '
®
Now, at each interior grid point(h, k), Equation (5) is expressed in its numerical form as
follows:
Da4w+2 0w +a4’W = phw?W (x,y) 9
ox* " “oxzayz ' gyx| PR YInke ©)
Boundary Conditions
For CCCC Case:
x=0,(h=0) AN x=a,(h=M+1), (10)
Work =0, wip=0, wyp=0, Wy+1k =0, (11)
dw Wik = Wik
R = =0 > =W_qg, 12
9% o x 2AX Wik = W1k (12)
ow Wri2k — Whk
—_ _—— O = O = = , 13
0% | ms1k IAX Wu+2k = Wumk (13)
y=0,k=0) AN x=b,(k=n+1), (14)
Who=0, wp1 =0, wyny =0, Wpn+1 =0, (15)
ow Who = Wh,—1
—_— =—_ " "=0> = W_ ) 16
ayl, JAY Who = W-hno (16)
ow WhpN+2 — WhN
a9 =——— =0 > wyni2 =Wy (17)
0l a1 24Y
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For SSSS Case:
2°w Wy — 2Wy i + Wo i
axz = : AX'Z ~—=0 = WZ,k = 2W1,k , (18)
0k
2°w w — 2Wp e + Wy
0x2 == A)?ik T =0 S Wiy = 2Wang (19)
M+1,k
02w Wha — 2Wp1 + Wpo
a_yz = AYZ =0 = Wh,Z = th,l , (20)
)
2%w Whno1 — 2Why + W
6—2 = hN-1 AYh’ZN hN+1 =0 = Wh,N—l = 2Wh,N . (21)
y h,N+1
For CSCS Case:
Clamped at (x =0 A x = a) on the x-axis
Work =0, wip=0, wyp=0, Whysrk =0, (22)
Wik =W_1k Wri2,k = WMk (23)
Simply supported at (y =0 A y = b) on the y-axi
Who =0, Wy =0, (24)
Who = 2Wp1 WpN-1 = 2Wp - (25)
FDM Coefficients and Pattern
VAW is a biharmonic operator such that:
2*w o o*w N 2*w 26
0X* 0X20Y? oYy*’ (26)

For each interior grid point(h, k), the domain is discretized using central difference, and each
boundary is expressed separately as follows:

tw
For the Xt term:

4
0*"w|  Whpop —4Wp_ 14+ 6Wpi — dWpyq g + Whizk

4 4
X hik AX

4
Table 1: Coefficients for the‘;Tv: term

Position Coefficients
(h+2,k) 1
AX4
(h, k) 6
AX4
(ht1,k) _i
AX4
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atw
For them term:

For the 2

22—
29y2
i).€1i)d hk

2*w

term

4
0*w|  Wpg—2 = 4Wpr—1 T 6Wp i — AW pp1 + Wiy

4 - 4 )
ay hi AY

(28)

Table 2: Coefficients for the term

Position Coefficients
(h,k+2) L
AY#4
(h, k) 6
AY#4
(hk+1) 4
AY*4

 2[Wha ka1 F Whotk-1 F Wit k-1 F Waotierr — 2(Whenk + Waore + Whker + Wik—1) + 4wy

AX?AY?

(29)

Table 3: Coefficients for the 2 ——— Za > term

Position Coefficients
(h+1,k+1) 2
AX2AY?
(h+1,k) __ 4
AX2AY?
(hk+1) 4
AX2AY?
(h k) 8
AX2AY?
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Table 4: Coefficients for VAW at the (h, k) grid point are given as

Position Coefficients
(h, k) 6 6 8
+ +
AX*  AY4  AX2AY?2
(h+1,k) 4 4
AX* AX2AY?
(h+2,k) 1
AX4
(hk+1) 44
AY4  AX2AY?
(h k +2) 1
AY#4
(ht1,k+1) 2
AX2AY?
1
AY*
2 4 4 2
AX2AY?2 CAY* AXZAY? AXZAY?2
1 4 4 6 6 8 4 4 1
NG TAY'  AX2AY? Axs T ave T axzaye Ax*  Axeav? || ax+
2 4 4 2
AXZAY? CAYE AXZAY? AXZAY?
L
AY#

Figure 5. Stencil Pattern for V* Operator

Eigenvalue Equation

The eigenvalue equation is a fundamental mathematical formulation that yields the plate's
natural frequencies and corresponding mode shapes. This information is essential for the
analysis, design, and safe operation of the plate.
The eigenvalue equation derived from Equation (5) is expressed as follows:

(A= 2AB)x =0, (30)
Where x = [x;] is a column matrix whose elements represent the amplitudes of free vibration,
A = [a;;] is a square matrix derived from the FDM of the biharmonic operatorV*, B = [b;;] is
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. . h . .
a diagonal matrix that represents a constant % and 1 = w? is the angular or circular

frequency.
Multiplying both sides of equation (30) by B~ yields:

B [A—AB]x =0, (31)
[B-1A — ABB~']x = 0, (32)
[B~*A— Allx =0, (33)

Since [ is the identity matrix in the above equation, letting B~*4 = C, we can rewrite it as:

[C — Allx = 0. (34)
The resulting equation is the free eigenvalue equation for thin rectangular plates.
This equation has a non-trivial (non-zero) solution only when:

det[C — Al =0, (35)

[€11-2  C12 = Cin
| €21 Ca2-2 = Con

_I
e

I . . . . I
|

l Cn1 Cn2 o Can-2

oo |C — /11' = = 01 (36)

Thisis called the characteristic equation. The values 4;(i = 1,2,3, ..., n) denote the eigenvalues
of the vibrating system, from which the angular frequencies w; = VA, (i =1,2,3,..,n) are
determined (Ezeh et al., 2013).

Numerical Analysis

In this study, the natural frequencies of free vibrations of rectangular plates are expressed in
non-dimensional form using the following relation (Y. Xing et al., 2022).

_ ph

=w-a- |[—, 37
wW=w-a D (37)
Here, @ denotes the non-dimensional natural frequency of the plate, w is the angular

frequency given by w = V1 based on the eigenvalues A and a, which represent the plate
length.

This non-dimensionalization ensures that the results depend solely on the plate’s
geometric shape and boundary conditions, while remaining independent of its material
properties, thickness, and overall dimensions. This approach enables accurate comparisons
across different studies and strengthens the general validity of the findings.

Understanding the free vibration behavior of rectangular plates is essential for the design
and stability assessment of mechanical structures. This study numerically analyzes the
natural frequencies and mode shapes of homogeneous square plates with an aspect ratio of
1 using the Finite Difference Method (FDM), in which spatial derivatives are approximated
using the central difference scheme under various boundary conditions. The central
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difference method is a robust numerical technique widely used to solve the biharmonic
equations of plates. Its simple matrix formulation, ease of implementation, and the ability to
refine grids to improve accuracy make it widely used in research. Natural frequency is the
specific frequency at which a plate vibrates spontaneously without any external excitation.
Each frequency is associated with a distinct vibration pattern or mode shape. These vibration
modes play a vital role in nondestructive testing of structures and stability analysis.

In this analysis, the plate thickness and material properties, including Young's
modulus(E), density(p), Poisson’s ratio(v), and the aspect ratio % = 1are kept constant. The
study varies only the grid size and the mode number. The numerical analysis is conducted
using MATLAB, and for each plate, the computation considers only the first three smallest
eigenvalues, corresponding to the first three natural frequencies. Employing the FDM
approach, accurate natural frequency values are obtained for various grid sizes and modes of
the square plate, providing reliable data for the design and analysis of mechanical systems.

Table 5: Natural frequencies for CCCC boundary conditions when a/b = 1landv = 0.3

Mode I I I
No of Grid Points

M=N=4 35,020 71,240 71,255
M=N=6 34,991 72,110 72,125
M=N=8 34,982 72,360 72,370
M=N=10 34,980 72,395 72,395
M=N=12 34,980 72,398 72,398
M=N=14 34,980 72,398 72,398
M=N=16 34,980 72,398 72,398

Table 6: Natural frequencies for SSSS boundary conditions when a/b = landv = 0.3

Mode | 1] Il
No of Grid Points
M=N=4 27,975 53,950 65,039
M=N=6 27,960 53,930 68,199
M=N=8 27,951 53,910 68,320
M=N=10 27,950 53,908 68,327
M=N=12 27,950 53,907 68,327
M=N=14 27,950 53,907 68,327
M=N=16 27,950 53,907 68,327

Table 7: Natural frequencies for CSCS boundary conditions when a/b = landv = 0.3
Mode | Il 1]
No of Grid Points
M=N=4 28,121 54,115 65,520
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M=N=6 27,970 53,930 68,310

M=N=8 27,956 53,920 68,327

M=N=10 27,951 53,910 68,327

M=N=12 27,951 53,910 68,327

M=N=14 27,951 53,910 68,327

M=N=16 27,951 53,910 68,327
DISCUSSION

In this study, the natural frequencies of free vibration of homogeneous rectangular plates
were analyzed using the Finite Difference Method (FDM). The dimensionless fundamental
frequencies of the first three vibration modes were computed for various grid sizes under the
boundary conditions CCCC, SSSS, and CSCS.

The Finite Difference Method (FDM) is an effective numerical approach for solving the
biharmonic equation, offering a straightforward matrix structure and easy implementation.
This method shows that the grid size directly influences analysis accuracy, making it a
fundamental requirement for the design and stability assessment of mechanical systems.

The tables clearly show that as the grid size increases, the natural frequency values
stabilize. This convergence is a clear indication of the reliability and accuracy of the numerical
solution obtained by the FDM using the central difference for derivative approximations.

Specifically, for the CCCC boundary conditions, the frequencies converge with minimal
variation beyond a 10 x 10 grid size. Similar trends appear in the SSSS and CSCS cases,
indicating that selecting an appropriate grid size is essential for obtaining accurate frequency
calculations.

The study calculates and analyzes the first three mode shapes for each boundary
condition. These mode shapes represent the plate's characteristic vibration patterns,
providing essential information on its structural response and stability. The variation in mode
shapes reflects differences in boundary conditions, illustrating the distinct deformation
states of the plate. These results highlight the accuracy of the numerical analysis and
demonstrate the broad applicability of the employed method.

The present study benchmarks its findings against Kumar’s (2018) research, which used
the forward difference FDM, to evaluate the accuracy and stability of the Central Difference
Method adopted here. In his study, Kumar calculated the natural frequencies of free
vibrations of homogeneous rectangular plates under different boundary conditions (CCCC,
CSCS) by increasing the grid size.

The comparison of the first three natural frequencies for the CCCC boundary condition
shows that the results of this study are very close to Kumar’s findings. The results of both
studies differ minimally, demonstrating the high accuracy of the CFDM. Specifically, at a grid

166



Journal of Natural Science Review, 4(1), 153-172

size of (M = N = 12), the first natural frequency values in both studies are nearly identical at
approximately 34.981. This indicates that the CFDM method provides fast, accurate results
as the grid is refined.

For the CSCS boundary condition, both studies show good agreement. As the grid size
increases, the natural frequencies stabilize, and both studies converge to similar values. In
some cases, this study reports slightly higher frequencies than those presented by Kumar.
This difference can be attributed to the distinct discretization schemes used in the central
difference FDM and the forward difference FD.

Overall, this comparison demonstrates that FDM exhibits better convergence and higher
accuracy than forward difference FDM. Additionally, it requires less grid refinement to
achieve precise results. These findings demonstrate the reliability of the present study and
its consistency with previous research.

Table 8: Comparison of the Present Study and Kumar’s Research for CCCC Boundary Condition

Mode # 1
Grid Size (MxN) Present Study Kumar (2018) Difference %
M=N=8 34,982 34,9911 -0,026%
M=N=10 34,980 34,8815 0,282%
M=N=12 34,980 34,9815 -0,004%
M=N=14 34,980 34,9815 -0,004%
Mode # 2
Grid Size (MxN) Present Study Kumar (2018) Difference %
M=N=8 72,360 71,0297 1,872%
M=N=10 72,395 72,2956 0,137%
M=N=12 72,398 72,3939 0,005%
M=N=14 72,398 72,3989 -0,001%
Mode # 3
Grid Size (MxN) Present Study Kumar (2018) Difference %
M=N=8 72,370 71,0301 1,886%
M=N=10 72,395 72,2956 0,137%
M=N=12 72,398 72,3939 0,005%
M=N=14 72,398 72,3939 0,005%

Table 9: Comparison of the Present Study and Kumar’s Research for CSCS Boundary Condition

Mode # 1
Grid Size (MxN) Present Study Kumar (2018) Difference %
M=N=8 27,956 27,5662 1,41%
M=N=10 27,951 27,9560 -0,01%
M=N=12 27,951 27,9509 0%
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M=N=14 27,951 27,9509 0%
Mode # 2
Grid Size (MxN) Present Study Kumar (2018) Difference %
M=N=8 53,920 53,6742 0,45%
M=N=10 53,910 52,7323 2,23%
M=N=12 53,910 53,7431 0,31%
M=N=14 53,910 53,7431 0,31%
Mode # 3
Grid Size (MxN) Present Study Kumar (2018) Difference %
M=N=8 68,327 65,0396 5,05%
M=N=10 68,327 68,1993 0,18%
M=N=12 68,327 68,3270 o%
M=N=14 68,327 68,3270 0%

The above tables compare the dimensionless natural frequencies obtained in this study
using the Central Difference Finite Difference Method (FDM) with the results reported by
Kumar (2018) for the first three vibration modes of a homogeneous rectangular plate under
CCCC and CSCS boundary conditions. The comparison indicates that the present results are
in close agreement with those of Kumar, with only minor discrepancies observed. For the first
mode, the differences are minimal. In contrast, for the second and third modes, the
deviations become progressively smaller as the grid size increases, confirming the accuracy,
stability, and robustness of the proposed method. Slight variations appear for smaller grids
(e.g,M = N = 8), where the present study predicts marginally higher frequencies. These
differences can be attributed to factors such as boundary condition implementation, the FDM
scheme's sensitivity, and grid resolution. Overall, the results confirm that the central
difference FDM yields reliable and precise solutions, with accuracy improving significantly as
the grid size is refined.

For smaller gridssuchas M = N = 4and M = N = 8, the results show larger deviations
due to discretization error. As the grid is refined, the error decreases significantly, which is
consistent with the second-order accuracy of the central difference scheme. The reduced
accuracy at coarse grids, therefore, reflects expected numerical behavior.

This analysis shows that the FDM method, with derivatives computed using central
differences, is highly accurate for the analysis of plate-free vibrations, particularly for higher
modes. Moreover, proper implementation of boundary conditions is crucial for validating the
reliability of the results.

Limitations

The present study is limited to thin homogeneous plates based on Kirchhoff-Love theory, in
which shear deformation is neglected. The formulation is restricted to uniform structured
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grids and classical boundary conditions. Extending the approach to thick plates, non-
homogeneous materials, or irreqular geometries requires further investigation.

CONCLUSION

In this research, the dimensionless natural frequencies of free vibrations in homogeneous
rectangular plates were determined using the Finite Difference Method (FDM) based on the
Kirchhoff-Love plate theory. The study aimed to provide a precise numerical analysis of the
vibrational characteristics of plates and to examine the influence of different boundary
conditions. The results showed that as the grid size increased, the computed frequencies
converged, confirming the method's stability and validity.

It was also observed that boundary conditions (CCCC, SSSS, and CSCS) strongly affect
the vibrational behavior of plates. The degree of edge restraint alters the stiffness, which
directly influences the natural frequencies and mode shapes. Among them, the CCCC
condition produced the highest values due to full clamping of all edges, while SSSS and CSCS
introduced more flexibility, leading to lower frequencies.

The study compares the computed results with those reported by Kumar (2018) and finds
good agreement, demonstrating that the Finite Difference Method is both accurate and
efficient, requiring less grid refinement and reduced computation time. These results
highlight its value as a reliable numerical technique for plate vibration analysis.

In conclusion, the study successfully achieved its objectives by providing meaningful
insights into the vibrational characteristics of rectangular plates. The findings establish a
strong foundation for further research and offer practical guidelines for engineering
applications. The results confirm that the natural frequencies follow the order CCCC >
CSCS > SSSS and that the frequency values converge with increasing grid size, closely
matching Kumar (2018).

AUTHORS CONTRIBUTIONS

e Noorullah Noori conceptualized and supervised the study.

e Ghaniullah Safi and Noorullah Noori conducted the field study and collected the raw
data.

e Ghaniullah Safi, Noorullah Noori, and Abdul Wakil Baidar equally processed and
analyzed the data.

FUNDING INFORMATION

NO funding is available for the manuscript.

CONFLICT OF INTEREST STATEMENT

The authors declare that they have no conflict of interest.

169



Journal of Natural Science Review, 4(1), 153-172

DATA AVAILABILITY STATEMENT

Data are available from the corresponding author upon reasonable request and subject to
approval by the relevant ethics committee.

REFERENCES

Abdul-Razzak, A. A. & Haido, J. H. (2007). Free Vibration Analysis of Rectangular Plates

using Higher Order Ordinary finite Layer Method. A Journal of Al-Rafidain
Engineering, 15(3). https://doi.org/10.33899/rengj.2007.45049

Al-Shammari, M. A., Husain, M. A., & Al-Waily, M. (2022, January). Free vibration analysis of

rectangular plates with cracked holes. In AIP Conference Proceedings (Vol. 2386, No.
1). AIP Publishing. https://doi.org/10.1063/5.0066908

Baferani, A. H., Saidi, A. R., & Jomehzadeh, E. (2011). An exact solution for free vibration of
thin functionally graded rectangular plates. Proceedings of the Institution of
Mechanical Engineers, Part C: Journal of Mechanical Engineering Science, 225(3), 526—
536. https://doi.org/10.1243/09544062JMES2171

Bagheri, A., Mortezaei, A., & Sayarinejad, M. A. (2024). Analysis of free in-plane vibrations
of a rectangular plate with various boundary conditions canonical form using the
modified Riley-Ritz method. Results in Engineering, 21, 101768.

https://doi.org/10.1016/j.rineng.2024.101768

Bakhshandeh, A., Navayi Neya, B., & Nateghi Babagi, P. (2017). Benchmark solution for
free vibration analysis of transversely isotropic thick rectangular plates. Acta
Mechanica, 228(11), 3977-3995. https://doi.org/10.1007/500707-017-1916-2

Bhaskar K and Sivaram A (2008) Un-truncated infinite series superposition method for
accurate flexural analysis of isotropic/orthotropic rectangular plates with arbitrary
edge conditions.Composite Structures 83: 83—92.
https://doi.org/10.1016/j.compstruct.2007.04.001

Dal, H., & Morgul, O. K. (2011). Vibrations of elastically restrained rectangular
plates. Scientific Research and Essays, 6(34), 6811-6816.
https://doi.org/10.5897/SRE11.356

Ezeh, J. C., Ibearugbulem, O. M., & Onyechere, C. |. (2013). Free-vibration analysis of thin
rectangular flat plates using ordinary finite difference method. Academic Research
International, 4(2), 187-192.

Gharaibeh, M. A, Obeidat, A. M., & Obaidat, M. H. (2018). Numerical investigation of the
free vibration of partially clamped rectangular plates. International Journal of Applied
Mechanics and Engineering, 23(2), 385—400. https://doi.org/10.2478/ijame-2018-0022

Gorman, D. J. (1977). Free-Vibration Analysis of Rectangular Plates With Clamped- Simply

170


https://doi.org/10.1063/5.0066908

Journal of Natural Science Review, 4(1), 153-172
Supported Edge Conditions by the Method of Superposition. 743-749.
https://doi.org/10.1115/1.3424166

Guguloth, G. N., Singh, B. N., & Ranjan, V. (2019). Free vibration analysis of simply
supported rectangular plates. Vibroengineering PROCEDIA, 29, 270-273.
https://doi.org/10.21595/vp.2019.21135

Hossain, B., Haque, R., & Ahmed, T. U. (2015). Analysis of Rectangular Plate with Opening
by Finite Difference Method Analysis of Rectangular Plate with Opening by Finite
Difference Method. October. https://doi.org/10.12691/ajcea-3-5-3

Huang, Y., Lei, Y.-J., & Shen, H.-J. (2006). Free vibration of anisotropic rectangular plates by
general analytical method. Applied Mathematics and Mechanics, 27(4), 461—467.
https://doi.org/10.1007/510483-006-0405-y

Kago, E., & Lellep, J. (2013). Free vibrations of plates on elastic foundation. Procedia
Engineering, 57, 489-496. https://doi.org/10.1016/j.proeng.2013.04.063

Kumar, A. (2018). Free Transverse Vibration Analysis of thin rectangular plates having
arbitrarily varying non-homogeneity along two concurrent edge.

Leissa, A. W. (1973). Free vibrations of rectangular plates. Journal of Sound and Vibration. 31,
257-293. https://doi.org/10.1016/S0022-460X(73)80371-2

Mansour, N. B., Masih, L. & Mostafa, P. (2008). Analytical Solution for Free Vibration of
Rectangular Kirchoff Plate from Wave Approach. Journal of World Academy of
Science, Engineering and Technology, 39.

Ningsi, G. P., Nendi, F., & Sugiarti, L. (2020). An application of the Finite Difference Method
for Solving the Mass Spring System Equation. 16(3), 404—416.
https://doi.org/10.20956/jmsk

Rezaei, A. S., & Saidi, A. R. (2019). Exact Solution for Free Vibration of Thick Rectangular
Plates Made of Porous Materials Exact solution for free vibration of thick rectangular
plates made of porous materials. Composite StructurE, 134(August), 1051—1060.
https://doi.org/10.1016/j.compstruct.2015.08.125

Sakiyama, T., & Huang, M. (1998). Free Vibration Analysis Of Rectangular Plates With
Variable Thickness. 28(5), 163-171.

Sayyad, A. S., & Ghugal, Y. M. (2015). On the free vibration analysis of laminated composite
and sandwich plates : A review of recent literature with some numerical results. 129,
177—201. http://dx.doi.org/10.1016/j.compstruct.2015.04.007

Ventsel, E., & Krauthammer, T. (2001). Thin plates and shells: Theory, analysis, and
applications. CRC Press. https://doi.org/10.1201/9780203908723

Wuy, J. H., Liu, A. Q., & Chen, H. L. (2007). Exact solutions for free-vibration analysis of
rectangular plates using Bessel functions. Journal of Applied Mechanics, Transactions

171



Journal of Natural Science Review, 4(1), 153-172
ASME, 74(6), 1247-1251. https://doi.org/10.1115/1.2744043.

Xing, Y. F., & Xu, T. F. (2013). Solution methods of exact solutions for free vibration of
rectangular orthotropic thin plates with classical boundary conditions. 104, 187-195.
https://doi.org/10.1016/j.compstruct.2013.04.030.

Xing, Y., LI, G., & Yuan, Y. (2022). A review of the analytical solution methods for the
eigenvalue problems of rectangular plates. International Journal of Mechanical
Sciences, 221(February), 107171. https://doi.org/10.1016/j.ijmecsci.2022.107171.

172



